Let M be the manifold obtained by 0-framed surgery along a knot K in the 3-sphere. A Topological Quantum Field Theory assigns to a fundamental domain of the universal abelian cover of M an operator, whose non-nilpotent part is the Turaev-Viro module of K. In this paper, using surgery formulas, we give a matrix presentation for the Turaev-Viro module of any knot K, in the case of the (Vp; Zp) TQFT of Blanchet, Habegger, Masbaum and Vogel. We do the computation for a family of knots in the special case p = 8, and note the relation with the bering question.
Introduction
Given a Topological Quantum Field Theory (V; Z) over a eld in dimension 2 + 1, one can associate to a knot K in the 3-sphere an invariant, the TuraevViro module of K, which is somewhat analogous to the Alexander module of K. This can be described as follows.
Let K be an oriented knot in S 3 and M = S 3 (K) be the manifold obtained by 0-framed surgery along K. Let be a Seifert surface for K, and b be its closure in M obtained by attaching a meridian disc (of the attached solid torus) to . The Turaev-Viro module of K is de ned using a fundamental domain of the universal abelian cover of M (see 7, 8] ). Such a fundamental domain is obtained by cutting M along b . Denote by E this cobordism, the Turaev-Viro module is the non-nilpotent part of the operator Z E 2 End V ( b ) (i.e. the restriction to \ m 1 Image(Z m E )). If k is the eld of scalars, we get a k t; t ?1 ]-module whose isomorphism class is an invariant of K.
This was rst observed by Turaev and Viro (in the more general context of a manifold N equipped with a cohomology class 2 H 1 (N; Z Z) and was developped by Gilmer in 7, 8] . Gilmer gave also more precise invariants in the case of a TQFT over a Dedekind domain. If the knot is bered, then the fundamental domain E is a mapping cylinder, and Z E is an isomorphism. This shows that if a knot is bered, then the rank of its Turaev-Viro module belongs to the set fd g ; g 0g, where d g is the dimension of the V -module of a genus g closed oriented surface. In 4] , each TQFT module is equipped with a unimodular hermitian sesquilinear form. With respect to this form, the Turaev-Viro operator associated with a bered knot is an isometry (see proposition 1.6 in 7] ). This can sometimes detect that a knot is not bered.
In this paper, using surgery formulas, we give a matrix presentation for the Turaev-Viro module of any knot K, in the case of the (V p ; Z p ) TQFT of Blanchet, Habegger, Masbaum and Vogel 4] (see also 11, 12, 16] ) . We illustrate our method by doing the computation for a family of genus one knots, in the special case p = 8.
Our computation uses the Kau man bracket evaluated at a 16-th root of unity, which is related to the Arf invariant in the case of a proper link; this relation and some other needed formulas are included in a separate section.
Background and notation
We will work with the family of Topological Quantum Field Theories (V p ; Z p ), p 3, constructed by Blanchet, Habegger, Masbaum and Vogel in 4] (see also 11, 12] and 16], ch. XII). In fact, the needed ingredients are 1. A basis for the module associated to a genus g closed oriented surface given by colored graphs in a genus g handlebody. 2. Formulas for surgeries of indices 1 and 2.
Remark. The statements of the next section should be easily adapted to any TQFT with these properties. Now we describe the TQFT (V p ; Z p ) associated with the Kau man bracket evaluated at a 2p-th root of unity A. We rst mention for the expert reader that every manifold we consider here has a preferred p 1 -structure (or 2-framing), so that this technical problem is irrelevant in our context. Consider the graph in gure 1. Its regular neighborhood in the plane is a Figure 1 : Graph G banded graph G, and its regular neighborhood in I R 3 is a handlebody H g whose boundary is a genus g surface g .
Set q = n if p = 2n + 2, and q = 2n if p = 2n + 1. A p-admissible coloring of G assigns, to each edge, an integer i < q such that at each trivalent vertex the incident integers i 1 We will use the notation k for the scalars. In 4] a universal choice for the (V p ; Z p ) theory was a (cyclotomic and localised) ring k p . One can tensor with the complex numbers to get the Turaev-Viro module invariant; our universal matrix reproduces Gilmer's re nements as well.
The following precisions will help the reader who is not familiar with the general techniques of 4]. We denote by e i , i 0, the Chebyshev polynomials (e 0 = 1, e 1 = z and ze i = e i?1 + e i+1 for i > 0).
In the TQFT (V p ; Z p ), the invariant of closed 3-manifolds (multiplicative for disjoint union) is de ned, using a special element ! in the skein algebra 
A matrix presentation for the Turaev-Viro module of a knot
We will use the notation introduced in the last section. We want a matrix for
is xed, the entries of the required matrix are the components of the vector Z p (E) 2 V p (? b q b ) in the basis corresponding to (u u ). We rst give the result for a genus one knot; then we generalise this to higher genus.
Knots with genus one
The module V p (S 1 S 1 ) has a basis given by coloring the (standardly framed) Here is a genus one Seifert surface for the knot K. Choose a pair (m; l) of simple curves on , such that m l = 1. Let l + (resp. l ? ) be a banded curve parallel to whose core is a push-o of l in the positive (resp. negative) direction normal to . Proof. The surgered manifold N is homeomorphic to the connected sum ?H g ]H g , by a homeomorphism which xes the boundary and respects the graphs. We can now proceed as in the genus one case. Here u 2 V p (? ) is sent to u 2 V p ( ) . 2 Choose dual systems of banded curves m = (m 1 ; : : :; m g ), l = (l 1 ; : : :; l g ) on . By connecting l j to l j+1 by disjoint segments we obtain a banded graph on homeomorphic to the graph of gure 1. We denote it by G. Let G + (resp. G ? ) be a push-o of G in the positive (resp. negative) direction normal to . ; a factor appears when passing to the basis u u . 2 
Some calculations
In this section we suppose that p = 8. We denote by K k the 2-bridge knot represented with the genus one Seifert surface in gure 2. From theorem 2.2 we get the matrix (notation was de ned in section 2) We will give some details for T 00 below. The coe cients T 01 , T 10 and T 11 are computed in a similar way. The remaining ones are then deduced using corollary 4.6. Using the corollary 4.6 we see that the second summand is equal to the rst one, whose value is 1=8(?A ?3 ). The third one can be computed using Kau man relations. It is more convenient to connect K k and m by a band on the Seifert surface. The result is a (?1)-framed unknot, and we can use lemma 4.5. We get T 00 = ? 1 2 A ?3 .
Here is the whole matrix. The coe cients of these matrices can be interpreted by using the spin re ned TQFT in 5]. The non zero values are indexed by pairs of spin structures (s + ; s ? ) on^ which extend to E. The corresponding coe cient (s+;s?) is related to Rochlin -invariant in the following way. We can nd a manifold C (s+;s?) equipped with spin and p 1 structures which represents the image of our basis element by the transfer theorem 15.3 in 5]. This can be obtained using surgery arguments in the spin re ned TQFT. Let F be the manifold E (?C (s+;s?) ). We have Here (F) is the -invariant of the given p 1 -structure on F. The manifold F is equipped with a spin structure extending the one given on ?C (s+;s?) , whose Rochlin invariant is (F). There are two choices for extending the spin structure, but both give the same Rochlin invariant.
Remark 3.1 Our computation shows that for k 6 = 0, even, the generalised Stevedore's knot K k is not a bered knot. This result is already given by the Alexander polynomial (see 6]). However our computation below (thanks to Maple) for p = 7 shows that Turaev-Viro modules can distinguish knots which have the same Seifert matrix and proves (the known fact) that the 1-twisted double of the trefoil knot is not bered since the modulus of the determinant is not 1.
Remark 3.2 Our matrix in the genus one case can be used for a k-twisted double. The situation is similar to our example K k , with the k full twists replaced by some double (compare with Gilmer's formula 2.3 in 8]). We give below, for p = 7, results for some k-twisted doubles of the unknot (i.e. our example K k ) and of the trefoil knot. Here A is a 14-th root of unity. 
